It is well known that the linear Green function is symmetric as a two variable function. However it is not known whether the nonlinear Green function is symmetric or not. Moreover it is not known even whether that is quasisymmetric or not, which means that the symmetric ratio of the nonlinear Green function is bounded or not. In this article we show that, for every tree, there exists a resistance such that the nonlinear Green function is quasisymmetric; also we show that, for every tree, there exists a resistance such that the nonlinear Green function is not quasi-symmetric.
Introduction
Let 1 < p < 1. We consider p-harmonic functions on a tree. Let T ¼ ðV; E; rÞ be a locally finite connected tree with a resistance r, where V ¼ VðT Þ is the vertex set and E ¼ EðT Þ is the edge set. An edge ðx; yÞ 2 E is an ordered pair of vertices such that ðx; yÞ 2 E if and only if ðy; xÞ 2 E. If ðx; yÞ 2 E, then we say that x is adjacent to y and write x $ y. A resistance r is a positive function on E such that rðy; xÞ ¼ rðx; yÞ. We define the discrete derivative ru and the discrete p-Laplacian Á p u for a function u on V by ruðx; yÞ ¼ rðx; yÞ À1 ðuðyÞ À uðxÞÞ;
Á p uðxÞ ¼ X y2V y$x jruðx; yÞj pÀ2 ruðx; yÞ:
Let ' p ðtÞ ¼ jtj pÀ2 t. Then we can write Let D & V. If Á p u ¼ 0 in D, then we say that u is p-harmonic in D. For these accounts see [4] [5] [6] . Let x; y 2 V. A path joining x to y is a sequence fx ¼ x 0 ; x 1 ; . . . ; x lÀ1 ; x l ¼ yg of distinct vertices such that x 0 $ x 1 $ Á Á Á $ x lÀ1 $ x l . Since T is a tree, it is uniquely determined and denoted by xy. For x 2 V let degðxÞ be the degree of x, i.e., degðxÞ ¼ #fy 2 V; x $ yg. Let A & E and x 2 V. We remove A from E, then we obtain some components. We denote by SðT ; A; xÞ the component which contains x.
We define the Dirichlet sum D p ½u of order p by 
where a is the characteristic function of fag, i.e., a ðxÞ ¼ 1 if x ¼ a and a ðxÞ ¼ 0 otherwise. The solution u to (1) uniquely exists if and only if the tree is of hyperbolic type of order p. We call the solution u the p-Green function with pole at a and denote it by g a . For details see Yamasaki [5, 6] . Let T be a tree of hyperbolic type of order p. Let Hðx; yÞ ¼ g x ðyÞ g y ðxÞ for x; y 2 V, MðT Þ ¼ sup
Hðx; yÞ:
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(i) Suppose that there are only finitely many x 2 V such that degðxÞ ! 3. Then ðV; E; rÞ has a quasi-symmetric pGreen function whenever ðV; E; rÞ is of hyperbolic type of order p. (ii) Suppose that there are infinitely many x 2 V such that degðxÞ ! 3. Then we find two resistances r 1 and r 2 with the following conditions. (a) The tree ðV; E; r 1 Þ is of hyperbolic type of order p and has a quasi-symmetric p-Green function.
(b) The tree ðV; E; r 2 Þ is of hyperbolic type of order p and, however, does not have a quasi-symmetric p-Green function. Proof. We denote the p-Laplacian (resp. p-Green function, and so on) with respect to T 0 by Á
Proof of Theorem 1
, and so on).
If T l is of hyperbolic type of order p, then we let u ¼ g
where q is the number with 1=p þ 1=q ¼ 1. Since ' q is the inverse function of ' p , we have that u is p-harmonic at x l .
If S lÀ1 is of hyperbolic type of order p, then we let
in VðS lÀ1 Þ;
if S lÀ1 is of parabolic type of order p, then we let u ¼ uðx lÀ1 Þ in VðS lÀ1 Þ. Then u is p-harmonic in VðT lÀ1 Þ n fx lÀ1 g and u 2 D ð pÞ 0 ðT lÀ1 Þ. Repeat this argument and obtain a function u which is p-harmonic in V n fxg and u 2 D ð pÞ 0 ðT Þ. Therefore u is a constant times of g x . Since T l ¼ T 00 and x l ¼ b, we have the result in this case. Hence the result follows in this case.
Next we consider the general case. Let w be the intersection vertex among x, y and z, i.e., the vertex which is simultaneously on the three paths xy, yz and zx (see Fig. 1 ). Then the first part implies that Hðx; zÞ ¼ Hðx; wÞHðw; zÞ; Hðx; yÞ ¼ Hðx; wÞHðw; yÞ; Hðy; zÞ ¼ Hðy; wÞHðw; zÞ:
Since Hðw; yÞ is the reciprocal of Hðy; wÞ, we have the result in the general case. Ã Let T ¼ ðV; E; rÞ be a tree of hyperbolic type of order p. Let ðy; zÞ 2 E and S ¼ SðT ; fðy; zÞg; zÞ. If S is of parabolic type, then we call S a parabolic end of T . Lemma 3. Let T ¼ ðV; E; rÞ be a tree of hyperbolic type of order p. Let fS j g j be the set of maximal parabolic ends of T . Let T 0 ¼ ðV 0 ; E 0 ; r 0 Þ be the subtree which is obtained by removing
Proof. For each j we can take an edge ðy j ; z j Þ 2 E such that S j ¼ SðT ; fðy j ; z j Þg; z j Þ. Let x 2 V. We denote the p-Green function with respect to T 0 by g
Then it is easy to verify that the p-Green function g x is represented as g x ðyÞ ¼ g 
By means of Lemma 3 we may assume that both T 1 and T 2 are of hyperbolic type of order p. First we observe that the function g a 1 j V 1 is p-harmonic in V 1 n fa 1 g and
; a 1 ÞÞ: Let q be the number with 1=p þ 1=q ¼ 1. Then we have that ' q is the inverse function of ' p . Therefore
Note that c 0 is independent of x. Let fb 1 ; . . . ; b dÀ1 g be the neighbors of
; and hence
Similarly we have
Therefore
Also we have
and hence
Using (3) and (4), we have
Similarly, since Á
x ðb i ; a 1 ÞÞ;
Using (3), we have
Combining (5) and (6), since
where
If we put c ¼ maxðc 1 ; . . . ; c dÀ1 ; c À1 1 ; . . . ; c À1 dÀ1 Þ, then c is independent of x. Now we obtain by (7)
Next let y 2 V 1 with y $ x 1 and y 6 ¼ a 1 ; x 2 . Let T 1y ¼ SðT 1 ; fðx 1 ; yÞg; yÞ. 
Since Á p g x ðx 1 Þ ¼ 0 and Á
Using (8), we have
and therefore
Also we have by (9)
We repeat these arguments and obtain
We have X
Equations (11) and (12) imply that
This means that
Hence, combining with (2), we have
We obtain similarly that there are constants c 0 and c 0 0 such that
Therefore Lemma 2 implies that, if x; y 2 V 1 , then These imply the result. Ã
Proof of Theorem 2
Lemma 4. Let T ¼ ðV; E; rÞ be a tree. Let a; x 2 V and fa ¼ x 0 ; x 1 ; . . . ; x lÀ1 ; x l ¼ xg the path ax. Let r j ¼ rðx jÀ1 ; x j Þ and
Suppose that T À j and T þ j are of hyperbolic type of order p. Let
Proof. Since
we have
Since
x jÀ1 ;
x jÀ1 ðx jÀ1 ; yÞ
Hence
Next since
we have similarly
x j ðx j Þ ¼ À1, we have by (14) and (15)
Combining these and (13) we have the result. Ã
and r a resistance.
rÞ is of parabolic type of order p; (ii) If P 1 j¼0 rðx j ; x jþ1 Þ < 1, then ðV; E; rÞ is of hyperbolic type of order p and has a symmetric p-Green function.
Proof. We shall show only (ii). It is easy to see that the p-Green function g x m is represented as
j¼maxðl;mÞ rðx j ; x jþ1 Þ:
Proof. It is clearly that, if p < 2, then we have
. This leads to the result. Ã
and r a resistance. Let S þ ¼ P 1 j¼0 rðx j ; x jþ1 Þ and S À ¼ P À1 j¼À1 rðx j ; x jþ1 Þ.
(i) If both S þ and S À diverge, then ðV; E; rÞ is of parabolic type of order p; (ii) If one of S þ and S À diverges and the other converges, then ðV; E; rÞ is of hyperbolic type of order p and has a symmetric p-Green function; (iii) If both S þ and S À converge, then ðV; E; rÞ is of hyperbolic type of order p and has a quasi-symmetric p-Green function.
Proof. Lemma 3 reduces (ii) to Lemma 5 (ii). We shall show (iii). We use the same notation as in Lemma 4. Then we easily have m ¼ P 1 j¼m rðx j ; x jþ1 Þ and m ¼ P mÀ1 j¼À1 rðx j ; x jþ1 Þ. Also we have that mÀ1 þ r m ¼ m and m þ r m ¼ mÀ1 . Therefore Lemma 4 implies that, if l > 0, then
The case l < 0 can be treated similarly. Ã Proof of Theorem 2 (i). Let T be a tree as in Theorem 2 (i). Using Lemma 3, we may assume that there are no parabolic ends. Then T is represented as the union of finitely many trees in Lemmas 5 and 7. Since they have quasi-symmetric p-Green functions for any resistances, T also has quasi-symmetric p-Green functions by Theorem 1. Ã Lemma 8. Let q be the number with 1=p þ 1=q ¼ 1. Let T ¼ ðV; E; rÞ be a tree such that degðxÞ ! 3 for each x and rðx; yÞ ¼ ðxÞ ðyÞ À 1 ð ðxÞ þ 1Þð ðyÞ þ 1Þ ;
where ðxÞ ¼ ðdegðxÞ À 1Þ qÀ1 . Then T has a quasi-symmetric p-Green function.
Proof. Let x, y be distinct vertices and let fx ¼ x 0 ; x 1 ; . . . ; x lÀ1 ; x l ¼ yg be the path xy. It is easy to see that the p-Green function g x is represented as g x ðyÞ ¼ 1 degðxÞ Hðx; yÞ 2 jqÀ2j :
Hence the result follows. Ã Lemma 9. Let T ¼ ðV; E; rÞ be a tree of hyperbolic type of order p. Let x 0 ; y 0 2 V and fx 0 ; x 1 ; . . . ; x lÀ1 ; x l ¼ y 0 g the path x 0 y 0 . Suppose that degðx 0 Þ ! 3, degðy 0 Þ ! 3 and degðx j Þ ¼ 2 for j ¼ 1; . . . ; l À 1. Then
where q is the number with 1=p þ 1=q ¼ 1.
Proof. Let T 1 ¼ SðT ; fðx 0 ; x 1 Þg; x 0 Þ and T 2 ¼ SðT ; fðx lÀ1 ; x l Þg; y 0 Þ. We denote
Then it is easy to see that the p-Green function with pole at x j is given by
pÀ1 :
Similarly we have Since u 1 ð jÞ þ u 2 ð jÞ is independent of j, Lemma 6 implies that 
Then it is easy to see that the p-Green function g x is Hence the result follows. Ã Lemma 11. Let , , and be the numbers with 0 < ; ; < 1. Let a, b, and c be the positive numbers such that
where q is the number with 1=p þ 1=q ¼ 1. Let T ¼ ðV; E; rÞ be a tree (as shown in Fig. 2 ) such that V ¼ fx l ; y l;k g l2Z;k2N ; E ¼ fðx lÀ1 ; x l Þ; ðx l ; y l;1 Þ; ðy l;k ; y l;kþ1 Þg l2Z;k2N ; 
